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Mathematics: analysis and approaches
Higher Level
Paper 2

WORKED SOLUTIONS

2 hours

Instructions to candidates

e Write your name in the box above.

¢ Do not open this examination paper until instructed to do so.

e A graphic display calculator is required for this paper.

e Section A: answer all of Section A in the spaces provided.

e Section B: answer all of Section B on the answer sheets provided. Write your name on

each answer sheet and attach them to this examination paper.

e Unless otherwise stated in the question, all numerical answers must be given exactly or
correct to three significant figures.

e A clean copy of the mathematics: analysis and approaches formula booklet is required
for this paper.

e The maximum mark for this examination paper is [110 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Solutions found from a graphic display calculator should be
supported by suitable working. For example, if graphs are used to find a solution, you should sketch
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions in the boxes provided. Working may be continued below the lines, if necessary.

1. [Maximum mark: 7]

The circle shown below has center O and radius measuring 4.25 cm.

A

4.25

diagram not fo
scale

B
Points A and B lie on the circle and angle AOB measures 1.75 radians.
(a) Find AB. [3]

(b) Find the area of the shaded region. [4]

(a) using the cosine rule:
AB’ =425 +4.25°-2-4.25-4.25-cos(1.75)

~ 42.5641. ..

AB=+/42.5641...26.5241. .

Thus, AB=~6.52¢cm

(b) angle corresponding to shaded sector =2n—1.75

2

area of shaded sector =— 776

M|D—‘

-4.25%-(2n-1.75)

| =

~ 40.9403 .

Thus. area of shaded sector ~ 40.9 cm?
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2.

[Maximum mark: 6]

A multiple-choice test consists of 12 questions. Each question has four answers from which
to choose. Only one of the answers is correct. For each question, Boris randomly chooses
one of the four answers.

(&) Write down the expected number of questions Boris answers correctly. [1]
(b) Find the probability that Boris answers exactly three questions correctly. [2]
(c) Find the probability that Boris answers more than three questions correctly. [3]

(a) Using formula for the mean of a binomial distribution:

E(X)=np=12-025=3

(b) Let X be the random variable representing the number of questions Boris answers correctly

X ~B(12,0.25)
Find P(X =3) using GDC with n=12, p =0.25, lower bound =3 and upper bound =3

Thus, P(.X =3)~0.258

(c) Find P(X >3) using GDC with n=12, p =0.25, lower bound =4 and upper bound =12

Thus, P(X >3)~0.351
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3. [Maximum mark: 6]

The diagram below shows part of the graph of the gradient function, y = g'(x) :

y=g'(x)
p\ ¢ [r 7
Worked Solution
(a) On the grid below, sketch a graph of y = g"(:c), clearly indicating the x-intercept. [2]
2\ y=|g"(x) The graph of y = g'(x) is a parabola,
/ so g'(x)=ax’ +bx+c, a.b,ceR.
/ Therefore, g"(x)=2ax+b . Hence, the
graph of y=g"(x) will be a straight line.
p 1 ! ! The graph of y=g"(x) corresponds to the
4 gradient of the graph of y = g'(x), which
/ 1s negative on the interval —» < x < ¢, zero
at x = ¢, and positive on the interval ¢ < x <= .
(b) Complete the table below, for the graph of y = g(.\‘) ) [2]
x-coordinate
(i) maximum pointon g A L
(i) minimum pointon g x=r
(c) Justify your answer to part (b) (ii). [2]

Minimum point on the graph of y = g(x) exists where g'(x)=0 and g"(x)>0.

These conditions are satisfied at x =#.
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4. [Maximum mark: 7]

Given that events A and B are independent, P(B)=2P(A), and P(AUB)=0.72, find P(B).

For independent events, P(4B)=P(4)-P(B)

Therefore, the formula P(4 U B)=P(4)+P(B)-P(ANB) becomes
P(4UB)=P(4)+P(B)-P(4)-P(B)

Substitute P(4 U B)=0.72 and P(4)= %P(B) into the equation above

0.?2:éP(B)+P(B)—%P(B)P(B)

1 2 3

—|P(B)| -=P(B)+0.72=0
S[P(B)] -5 P(8)

Let P(B)=x:
l.wﬁ—ix+0.?2:0

2 2

solve for x on GDC

x=0.6;also x=2.4 but 0<P(B)<1, hence x#2.4

Thus, P(B)=0.6
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5. [Maximum mark: 6]

Let f(x)=3+e*cos2x, for 0<x<3. A portion of the graph of f is shown below.

YA

5 ,
S J(x)=3+0" cos2x

4

3

2

o

There is an x-intercept at the point C, a local maximum point at S where X=s, and a
minimum point at T where x=t.

(&) Write down the following:
(i) the x-coordinate of C;
(i) the value of s;

(i) the value of t.
(b) () Let Lt f (x)dx=k. Calculate the value of k.

(i) Explain why k is not the area of the shaded region.

[3]

[3]

(a) (1) x-coordinate of C exists where f(x)=0

3+e" cos2x=0; solve for x on GDC
x=12792. ..
Thus, the x-coordinate of Cis x = 1.28 (3 sf)

(i1) Find value of s by analysing maximum points on the graph of f(x) using GDC
s=0.232 (3 sf)

(111) Find value of 7 by analysing minimum points on the graph of f(x) using GDC
t~1.80 (3sf)

Question 5 continues on the next page
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Question 5 continued

(b) (1) Write down integral:

Jllm" (3+¢" cos(2x))dx=k

02318...
Evaluate the integral on GDC

-[1.302..- (3 et Cos(zx))dx ~2.0912.

02318...

Thus, k=~ 2.09 (3 sf)

(11) The region between fand the x-axis from x =5 to x =c 1s above the x-axis and the
region between fand the x-axis from x =c to x =7 1s below the x-axis. Hence, the
definite integral from x =s to x =c¢ is a positive number and the definite integral
from x =c to x =7 is a negative number. Therefore, since £ is the sum of the two

definite integrals then the value of & is less than the total area of the shaded region.
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6. [Maximum mark: 5]

Given that ¢ >0, find the value(s) of x that solve the equation |x+c|=|x|+c.

Let f(x) be the function defined by f(x)=|x|

The graph of the function y = ‘x +c‘ is achieved by translating the graph of f(x) by

c units to the left given that ¢ > 0.

The graph of the function y = M +c is achieved by translating the graph of f(x)

upwards by ¢ units given that ¢ >0.
The graphs of y =|x+c| and y =|x|+c are shown below.

Ay Ay
y= |x + c‘

A% =\x|+c

A A
A Al

(=¢,0)

As y= ‘x +c‘ and y= |r| +c are simply horizontal and vertical shifts of the same

absolute value function f(x)=|x], it is clear that the graphs of the two functions

intersect for all x>0

Thus, |x+c|:|x|+c for x>0, xeR
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[Maximum mark: 6]

The heights of sunflower plants in a large field can be modelled by a normal distribution. It is
given that 60% of the plants are taller than 1.92 m and 25% are taller than 2.15 m. Find the

mean and the standard deviation of the heights of the plants.

Let X be the random variable representing the height of a sunflower plant

P(X>192)=06 = P(X <1.92)=04 = Z=-0.2533...
P(X >2.15)=025 = P(X <2.15)=0.75 = Z=0.6745. ..

Using the formula for the standardised normal variable:

. _0_2533"_:1.92—;1
=T RS 21:r
7 06745 =—>"H
g

-0.25330=1.92—u
0.6744c =2.15-pu

Solving system of equations on GDC
L1=19828. .. c=0.2479. ..

Thus, ££~1.98m and o ~0.248m
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Find the three cube roots of 4\/§—4i and express them exactly in exponential form, re'’ .

- 10 — HL P2 Mock B solutions / 2022v3 / TG

- =43 —4i: express = in the form rcis® where »=|z| and 6 =arg(-)

r=|z|= \/(4\/5)2 +(-4) =64 =8

O=arg(z)= arctan( - ]— arctan[— 1 ]— —
i 43 B 6
So, = :8cis(—EJ
6
Let z,, z, and z; be the cube roots of =
R (=
(rcisB) :8015[—g+k-27[], keZ
By de Moivre’s theorem:

1
) s . 2 . 12
rc159:83c1s{—1+k-—n]: 2c1s(—£+k-—n]
18 3 18 18

For k=0: I, = 2cis[_£J :231'-._E}
18

For k=1:z, = 2013(_]= 2e ' 18)

.:‘_13_?'."_
For k=2:z, = ZCis[l?—Sn):2cis(—%J:2el' 18)
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9. [Maximum mark: 6]
X+2y+2=3
The equations of three planes are given by —x+2y+3z=1
-2Xx+y+3z=a

(&) Find the value of a such that the three planes intersect in one line. [4]
(b) Find a vector equation for the line of intersection. [2]
x+2y+z=3 1 2 1[3 (1)
(a) —x+2y+3z=1 = -1 2 3|1 (2)
—2x+y+3:z=a -2 1 3la (3)
(1)+(2)=>(2), 2()+(3)>(3) (2)+4-(2)
1 2 1] 3 (1) 1 2 1| 3 (1)
0 4 4| 4 (2) = 0 1 1] 1 (2)
0 5 5|6+a (3) 0 5 5|6+a (3)
(3)-5(2) - (3)
1 2 1] 3 (1)
01 1|1 (2)
0 0 0fa+1 (3)

Thus, the three planes intersect in one line (infinite solutions) when a+1=0 = a=-1

(b) from part (a):

x+2y+:z=3 (1)
yv+z=1 (2)

from (2), y=1-z
let z=A,then y=1-2X
substituting into (1) gives:

x+2(1-A)+A=3 = x=1+A

x=1+4
Hence, parametric equations for the line of intersection are y=1-4
z=A
X 1 1
Thus, equation for line of intersection in vector formis | y |=|1 [+ 4| -1
z 0 1
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Answer all the questions on the answer sheets provided. Please start each question on a new page.

10.

[Maximum mark:

15]

A farmer has an operation growing button mushrooms indoors that are sold at a local market.
On a particular day, the farmer harvests 200 button mushrooms and measures the diameter (d)
of each mushroom in centimeters. The results are shown in the frequency table below.

diameter, d cm

0<d<1

l<d<?2

2<d<3

3<d<4

4<d<6

6<d<75

75<d <10

frequency

30

40

50

30

33

11

6

(@) Calculate an estimate for the mean of the diameters of the mushrooms.

(b) A cumulative frequency graph is given below for the diameters of the mushrooms.

200 —
|
180 |
/
160 /
> 140
5 /
3 120
o
Z 100
E
- /
E 80
3
60 /
40
20/
0
1 2 3 4 5 6 7 8 9 10

Diameter in cm

Use the graph to answer the following.

(i) Estimate the interquartile range.

(i) Given that 20% of the mushrooms have a diameter more than k cm, find the value of k.

Question 10 continues on the next page
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Question 10 continued

In preparation for selling the mushrooms, the farmer classifies each of them as small,
medium or large using the following criteria.

Small: diameter is less than 2 cm
Medium: diameter is greater than or equal to 2 cm but less than 6 cm
Large: diameter is greater than or equal to 6 cm

(c) Write down the probability that a mushroom randomly selected from the day’s
harvest is Small. [2]

The cost of a Small mushroom is $0.10, a Medium mushroom is $0.15 and a Large
mushroom is $0.25.

(d) Copy and complete the table below which is the probability distribution for the

cost $X. [2]
Cost $X 0.10 0.15 0.25
P(X =x) 0.565
(e) Find E(X). [2]
Worked Solution:
? —
(d; j;ﬂ) _
(a) mean ==L where d, is the midpoint of the ith diameter interval, f; is the interval’s

n
corresponding frequency, and » is the total number of mushrooms

S S 5:50+3.5- +33+6.75- 75
mean :0 30+1.5-40+2.5-50+ 20030-!-5 33+6.75:11+8.7 6:2‘983?...::2.98 em

(b) (1) IQR =Q3-Ql

. : : 200
QI 1s diameter corresponding to a cumulative frequency of e =50 ; from the graph, Q1=1.5

. : : 200
Q3 1s diameter corresponding to a cumulative frequency of 3- e =150; from the graph, Q3 =4

Therefore, IQR =4-1.5=2.5

(1) 20% of 200 is 40; 20040 =160 ; so looking for the diameter which 160 of the mushrooms have
less than. The diameter corresponding to a cumulative frequency of 160 1s 4.5cm . Thus, £ =4.5

solution continued on next page >>
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10. solution continued

70

——=0.35; Thus, P(small)=0.35
200

(d)

- 14 -

Cost $X

0.10

0.15

0.25

P(X =x)

0.35

0.565

0.085

P(Y =0.10)=P(small) = 0.35

P(X =0.25)

(e) E(X)=> xP(X =x)=0.10-0.35+0.15-0.565+0.25-0.085

Thus, E(X)~$0.141
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(c) P(small)=P(diameter <2); a diameter of 2cm corresponds to a cumulative frequency of 70

1-(P(X :0.10)+P(X:0.15)) =1-(0.35+0.565) =0.085
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11. [Maximum mark: 23]

y+3 z-4

The Cartesian equation of line L, is X—5= 3~ 3 and the Cartesian equation of
X—2 z-3
line L, is —=y+1=——.
21857 -1
(a) Lines L, and L, intersect at point P. Find the coordinates of P. [5]

(b) Point Q is the point on L, that is nearest to the origin. Find the exact coordinates of Q.  [6]

(c) Determine a Cartesian equation for the plane that contains L, and L,. [4]
(d) Find the degree measure of the acute angle between the lines L, and L,. [4]
2 k
(e) Line L, has the vector equation ¥ =| =3 |+t| —2 |. Find the values of k such that the
1 4
angle between L, and L, is 60°. [4]
Worked Solution:

(a) Express L, and L, in vector form

; A x=5+4 X 5 1
L: .\’—5:%:%:& = y=-3-312 = |y|=| 3|+ -3
z=4+2A z 4 2
x=2+2u X 2 2

x—2 -3
L,: 5 :_v-l-l:—l:,u = yv=-l+u = |y|=|-1|+pxl 1
I=3-u z 3 -1

x=54+4A=242u = A-2u=-3 (1)
v=-3-3A=-1l4+u = -3A-u=2 (2)
2=442A=3-u = 2A+u=-1 (3)

(2)+(3) gives —A=1 = A=-1
Substituting into (1) gives —1-2u=-3 = u=1

Check that these values of A2 and x generate same point for both Z, and Z, .

x 5 1 4 X - 2 4
AP P Y T 1Y AR 4 Y P R
z 4 2 2 z 3 -1 2

Thus, Z, and Z, intersect at P(4, 0, 2)
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(b) As Q is the point on Z, nearest the origin, the vector O—Q. will be perpendicular to Z, .

S+A
Any point on L, can be expressed as (5+ A, —3-3A, 4+21); hence, 0Q=|-3-31/|.
4424
1 1
A direction vector for Z; is | -3 |. Find A such that dot product of O_Q and | -3 | 1s 0.
2 2
5+ 1
“3-3A || 3[=54+294+94+8+44A=0 = 22+144=0 = A:—l—l
4422 2 ’

Substitute into general expression for any point on Z, to obtain coordinates of Q.

5+(—E],—3—3[—£J,4+2(—1—1] ; thus, coordinates of Q are (E,E,E}
7 7 7 7 7 7

1) (2) ((-3)(-1)-21

1
(c) vector product of direction vectors for L, & L,: | -3 |x| 1 |=| 2:2-1:(-1) |=|5
2 -1 1-1-(-3)-2 7
Hence, Cartesian equation for plane containing Z, and L, is x+5y+7z=4d.
Using the position vector of Z, as a point in the plane: d =2+5(-1)+7(3)=18

Thus, a Cartesian equation for the plane containing Z, and Z, 1s x+5y+7z =18

(d) The angle, @, between vectors v and w is given by cosé@ = VW — g=cos™ ( vw J
[viwl [VIIwl

1 2
=31
Hence, angle between Z, and L, is 6 = cos™ 2) A\ = cos‘l( = J: 109.11...°
1| 2 Va6
=3[ 1
2 ) -1

Thus, the acute angle between Z, and Z, is 180°-109.11°= 70.9°

(e) acute angle between L, and Z, 1s also 60° when 6 =120°; hence, cos& = iE

2 k

-2
‘W -1 4 2k-6 1
cosfd=—— = cos(60°)= = =+—
IR 3 2 N el

-2

-1)||\ 4

Solving for k on GDC gives k£ =9.3431... or k~0.25687...; Thus, k=9.34 or k=0.257

© InThinking — IB Maths: Analysis & Approaches

HL P2 Mock B solutions / 2022v3 / TG



IB Mathematics: Analysis & Approaches HL - 17 - HL P2 Mock B solutions / 2022v3 / TG

12. [Maximum mark: 16]

1 1
11 can be expressed as 4(x+2)_4(x—2) . [4]

(&) Show that

1

(b) Hence, find j y—
—X

dx. (4]

The region R is bounded by the graph of h(x) = 2 ! > and the line y :; :
-X

(c) Find the exact area of R. [5]
(d) Theline y=m, where me R, divides R into two regions of equal area. Write an

equation whose solution is the value of m. Do not solve the equation. [3]

Worked Solution:

@) I -1
4-X X -4 (x+2)(x-2)

Express as the sum of two fractions

= -4 B 4Ber
(x+2)(x-2) x+2 x-2
-1 o A(x-2) s B(x+2)

(x+2)(x=2) (x+2)(x-2) (x+2)(x-2)
Equate numerators: —1=4(x—-2)+B(x+2)
Let x=2: —1=A4(2-2)+B(2+2) = -1=4B = B:—%

Let x=-2: —1=A4(-2-2)+B(-2+2) = -1=-44 = A:%

Thus, 1, = SR Q.E.D.
4-x" 4(x+2) 4(x-2)

1 1 1 1 1 1 1
®) -[4—:(2 dJr_I{él(nr+2) _4(x—2)]dY_ZIx+2dY_ZJ‘x—2dY

Thus, J%d\'— !
_x“

-—111|x+2|—lln|x—2|+C
4 4
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(c) Find intersection points:
1 4

. = 4—3(2:z f— xzzg p— x:ii
4-x 7 1 4 2
Ay
1
J"=4_x:
1 ":i
© 7
N_//i x
: P »
3 3
N e

Because of the symmetry of region R (shaded in diagram above):
3
el )
=| —X—
0 7 4 0
{ +— m’ —QD ( (0)—lln|0+2|+lln|0—2|)}
4 4
1 7 1 1
—— +—Ir -1 0-=In(2)+—In(2
{ 1 [2 1(2D [ RS )]}
R LCENCR RO
7 2 2 7 2 2 2
1
[ J 24”1"(7} 24+7In(1)-7In(7) _24-7In(7)

14 B 14

Thus, area of R = 24_——”“? units’ or E - l In l units’
14 7 2 7

area of R = ‘E[(

3 1
—|—=In|=
2 4

+2

i
7
E
7

(d) Find x-coordinates of intersection points of y =

- and horizontal line y=m.
-— _1-"

;1=m = i=4—x2 = _1r2=4—l = Jr=i"4—i
4-x° m m m

Ay y = 1

o

24-T7In7 24—?111?
14 28

Thus, (m— ! ,]dr—l
. 4-x° 2

or, from symmetry of region,

-

4

© e,

"{ 1 J 1(24—7111?] 24-7In7
m-— = |dx =— =
4-x° 4 14 56
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